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We1 present first results from a simulation of quenched overlap fermions with improved gauge
field action. Among the quantities we study are the hadron masses and selected nucleon matrix
elements. To make contact with continuum physics, we compute the renormalization constants
of quark bilinear operators nonperturbatively.
1 Introduction
Lattice calculations at small quark masses, i.e. in the chiral regime, require actions with
good chiral properties. Overlap fermions2 have an exact chiral symmetry on the lattice3
and thus are predestinated for this task. A further advantage of overlap fermions is that
they are automatically O(a) improved4.
Previous calculations of hadron observables from quenched overlap fermions have been
limited to larger quark masses and/or coarser lattices due to the high cost of the simula-
tions5–8. To ensure that the correlation functions involved are not overshadowed by the
exponential decay of the overlap operator9, the lattice spacing a should be small enough.
Ideally mHa  1, where mH is the mass of the hadron. In addition, the spatial extent of
the lattice L should satisfy L  1/(2fpi) in order to be able to make contact with chiral
perturbation theory10.
Over the past years we have done extensive simulations of quenched overlap
fermions7, 11, 12. In this contribution we shall report a few of our results on hadron masses
and nucleon structure functions.
The massive overlap operator is defined by
D =
(
1− amq
2ρ
)
DN +mq (1)
with the Neuberger-Dirac operator DN given by
DN =
ρ
a
1 + DW (ρ)√
D†W (ρ)DW (ρ)
 , DW (ρ) = DW − ρ
a
, (2)
whereDW is the massless Wilson-Dirac operator with r = 1, and ρ ∈ [0, 2] is a (negative)
mass parameter. The operator DN has n− + n+ exact zero modes, DNψ0n = 0 with
n = 1, · · · , n−+n+, where n− (n+) denotes the number of modes with negative (positive)
chirality, γ5ψ0n = −ψ0n (γ5ψ0n = +ψ0n). The index of DN is thus given by ν = n− − n+.
The ‘continuous’ modes λi, DNψi = λiψi, satisfy (ψ†i , γ5ψi ) = 0 and come in complex
conjugate pairs λi , λ∗i .
To evaluate DN it is appropriate to introduce the hermitean Wilson-Dirac operator
HW (ρ) = γ5DW (ρ), such that
DN =
ρ
a
(1 + γ5 sgn{HW (ρ)}) , (3)
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where sgn{H} = H/√H2. The sign function can be defined by means of the spectral
decomposition
sgn{HW (ρ)} =
∑
i
sgn{µi}χiχ†i , (4)
where χi are the normalized eigenvectors of HW (ρ) with eigenvalue µi. Equation (4) is,
however, not suitable for numerical evaluation. We write
sgn{HW (ρ)} =
N∑
i=1
sgn{µi}χiχ†i + PN⊥ HW (ρ) , (5)
where
PN⊥ = 1−
N∑
i=1
χiχ
†
i (6)
projects onto the subspace orthogonal to the eigenvectors of the N lowest eigenvalues of
|HW (ρ)|, and approximate PN⊥ HW (ρ) by a minmax polynomial13. More precisely, we
construct a polynomial P (x), such that∣∣∣∣P (x) − 1√x
∣∣∣∣ <  , x ∈ [µ2N+1, µ2max] , (7)
where µN+1 (µmax) is the lowest (largest) eigenvalue of |PN⊥ HW (ρ)|. We then have
sgn{HW (ρ)} =
N∑
i=1
sgn{µi}χiχ†i + PN⊥ HW (ρ)P (H2W (ρ)) . (8)
The degree of the polynomial will depend on  and on the condition number of H2W (ρ),
κ = µ2max/µ
2
N+1, on the subspace {χi | (1− PN⊥ )χi = 0}.
We use the Lu¨scher-Weisz gauge action14
S[U ] =
6
g2
c0 ∑
plaquette
1
3
Re Tr (1− Uplaquette) + c1
∑
rectangle
1
3
Re Tr (1− Urectangle)
+ c2
∑
parallelogram
1
3
Re Tr (1− Uparallelogram)
 ,
(9)
where Uplaquette is the standard plaquette, Urectangle denotes the closed loop along the
links of the 1 × 2 rectangle, and Uparallelogram denotes the closed loop along the diago-
nally opposite links of the cubes. The coefficients c1, c2 are taken from tadpole improved
perturbation theory15:
c1
c0
= − (1 + 0.4805α)
20u20
,
c2
c0
= −0.03325α
u20
(10)
with c0 + 8c1 + 8c2 = 1, where
u0 =
(
1
3
Tr 〈Uplaquette〉
) 1
4
, α = − log(u
4
0)
3.06839
. (11)
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β V amq
8.00 163 32 0.0168 0.0280 0.0420 0.0560 0.0840 0.1400 0.1960
8.45 163 32 0.0280 0.0560 0.0980 0.1400
8.45 243 48 0.0112 0.0196 0.0280 0.0560 0.0980 0.1400
Table 1. Couplings, lattice volumes and mass parameters of the simulation.
We write
β =
6
g2
c0 . (12)
After having fixed β, the parameters c1, c2 are determined. In the classical continuum
limit u0 → 1 the coefficients c1, c2 assume the tree-level Symanzik values16 c1 = −1/12,
c2 = 0.
The simulations are done on the lattices and at the quark masses listed in Table 1. We
set the scale by the scale parameter r0. In the literature we find15 r0/a = 3.69(4) at
β = 8.0 and r0/a = 5.29(7) at β = 8.45, respectively. Taking r0 = 0.5 fm, this results
in the lattice spacings 0.135 fm at β = 8.0 and 0.09 fm at β = 8.45, respectively. The
couplings have been chosen such that the 163 32 lattice at β = 8.0 and the 243 48 lattice
at β = 8.45 have approximately the same physical volume. This allows us to study both
scaling violations and finite size effects.
We have projected out N = 40 lowest lying eigenvectors at β = 8.0 and N = 50
(N = 10) at β = 8.45 on the 243 48 (163 32) lattice. These numbers scale roughly with
the physical volume of the lattice. The degree of the polynomial P has been adjusted such
that 1/
√
H2W (ρ) is determined with a relative accuracy of better than 10−7.
The mass parameter ρ influences the simulation in two ways. First, it affects the lo-
cality properties9 of the Neuberger-Dirac operator. Secondly, the condition number of
PN⊥ H
2
W (ρ), κ = µ
2
max/µ
2
N+1, depends on ρ as well. We have chosen ρ = 1.4, which is
a trade-off between a small condition number κ and good locality properties. Our simu-
lations cover the range of pseudoscalar masses 250
 
mPS
 
900MeV as we shall see.
The lowest quark mass was chosen such that mPSL  3. On all our lattices we have
L 1/(2fpi).
O(a) improvement, both for masses and on- and off-shell operator matrix elements, is
achieved by simply replacing DN by4
DimpN ≡
(
1− aDN
2ρ
)−1
DN (13)
in the calculation of the quark propagator. In the following we shall always use the im-
proved propagator, without mentioning this explicitly. While the eigenvalues of DN lie on
a circle of radius ρ around (ρ, 0) in the complex plane, the eigenvalues of DimpN fall onto
the imaginary axis.
The inversion of the overlap operatorD is done by solving the system of equations
Ax = y , (14)
where A = D†D and y is a suitable vector. We use the conjugate gradient algorithm
for that. The speed of convergence depends on the condition number of the operator A,
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κ(A) = νmax/νmin, where νmax (νmin) is the largest (lowest) eigenvalue of A. For rea-
sonable values of the quark mass we have κ(A) ∝ 1/m2q. Thus, the number of iterations,
nD, needed to achieve a certain accuracy will grow like nD ∝ 1/mq as the quark mass is
decreased.
The convergence of the algorithm can be accelerated by a preconditioning method.
Instead of (14) we solve the equivalent system of equations
ACx = Cy ≡ A˜x , (15)
where C is a nonsingular matrix, which we choose such that κ(A˜) κ(A). Our choice is
C = 1 +
n∑
i=1
(
1
νi
− 1
)
vi v
†
i , (16)
where vi (νi) are the normalized eigenvectors (eigenvalues) of A. The condition number
of the operator A˜ is by a factor νn+1/ν1 smaller than the condition number of the operator
A, and the number of iterations in the conjugate gradient algorithm reduces to nD ∝
1/
√
νn+1 +m2q , which depends only weakly on the quark mass mq. We have chosen
n = 80, and the inversion was stopped when a relative accuracy of 10−7 was reached.
In the calculation of meson and baryon correlation functions we use smeared sources to
improve the overlap with the ground state, while the sinks are taken to be either smeared or
local. We use Jacobi smearing for source and sink17. To set the size of the source, we have
chosen κs = 0.21 for the smearing hopping parameter and employed Ns = 50 smearing
steps.
To further improve the signal of the correlation functions, we have deployed low mode
averaging by breaking the quark propagator into two pieces,
n∑`
i=1
ψi(x)ψ
†
i (y)
(1− amq/2ρ)λi +mq , (17)
where the sum extends over the eigenmodes of the n` lowest eigenvalues (including the
zero modes), and the remainder. The contribution from the low-lying modes (17) is aver-
aged over all positions of the quark sources. As the largest contribution to the correlation
functions comes from the lower modes, we may expect a significant improvement in the
regime of small quark masses. We have chosen n` = 40, mainly because of memory
limitations.
2 Hadron Masses
Let us now turn to the calculation of hadron masses. We consider hadrons where all quarks
have degenerate masses. So far we have generated 200 − 600 independent gauge field
configurations on each of our lattices.
To compute the pseudoscalar mass, mPS , we looked at correlation functions of the
pseudoscalar density P = q¯γ5q and the time component of the axial vector current A4 =
q¯γ4γ5q. Local sinks are found to give slightly smaller error bars than smeared sinks, so
that we will restrict ourselves to this case. Both correlators give consistent results. We will
use the results from the axial vector current correlator here.
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Figure 1. APE plot on the 243 48 lattice at β = 8.45 ( ) and on the 163 32 lattices at β = 8.0 () and
β = 8.45 (), together with the experimental value (∗).
To compute the vector meson mass,mV , we explored correlation functions of operators
Vi = q¯γiq and V 4i = q¯γiγ4q (i = 1, 2, 3). We found that the operator Vi, in combination
with a local sink, gives the best signal.
For the calculation of the nucleon mass, mN , we used Bµ = εabcqaµ(qbCγ5qc) (where
C = γ4γ2) as our basic operator, where we have replaced each spinor by q → qNR =
(1/2)(1+γ4)q
17
. These so-called nonrelativistic wave functions have a better overlap with
the ground state than the ordinary, relativistic ones. The nucleon mass is obtained from a
fit of the data by the correlation function A exp(−mN t) + B exp(−mN∗(T − t)) (where
T is the time extent of the lattice and mN∗ the mass of the backward moving baryon).
In Fig. 1 we show our results in form of an APE plot for our three lattices. At our
smallest quark masses we have mPS/mV ≈ 0.3, which is the lowest quark mass reached
so far in any lattice simulation.
3 Nucleon Matrix Elements
Information about the internal structure of the nucleon is encoded in its structure functions.
While they cannot be computed directly on the lattice, the operator product expansion
(OPE) provides a connection between their moments and nucleon matrix elements of local
operators. For the unpolarized structure function F1 the OPE reads
2
∫ 1
0
dxxn−1F1(x,Q
2) =
∑
q
EqF1,nv
q
n +O(1/Q
2) , (18)
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where q denotes the quark flavour, EqF1,n is the (perturbative) Wilson coefficient, and the
matrix element vqn is defined by
〈N(~p)|
(
Oq{µ1...µn} − traces
)
|N(~p)〉 = 2vqn(pµ1 . . . pµn − traces) , (19)
where
Oqµ1...µn = q¯γµ1
↔
Dµ2 . . .
↔
Dµn q . (20)
Similar relations hold for the other structure functions17. Both, the matrix element vqn and
the Wilson coefficient EqF1,n depend upon the choice of a renormalization scheme and
scale. Only in their product these dependencies cancel.
To compute the matrix elements (19) we consider the ratio17
R =
〈N(tsink)O(τ)N¯ (tsource)〉
〈N(tsink)N¯(tsource)〉 , (21)
from which vqn can be determined in the region tsource < τ < tsink. We always set
tsource = 0 and tsink = 9 (tsink = 13) in lattice units at β = 8.0 (β = 8.45), which
corresponds to a distance between source and sink of 1.4 fm.
For lack of space we are only considering the operator
Oq44 − 13 (Oq11 +Oq22 +Oq33) (22)
and flavor nonsinglet combinations, i.e. u - d (u and d labelling u and d quark, respec-
tively) corresponding to proton minus neutron structure function. In this case there is no
contribution from disconnected diagrams.
The operator (22) needs to be renormalized. It is logarithmically divergent. We com-
pute the renormalization factors in the RI′ −MOM scheme18. In this scheme the renor-
malization condition is formulated in terms of quark Greens functions, computed in Landau
gauge, with an operator insertion at zero momentum transfer:
CO(p) =
1
V
∑
x,y,z
e−ip(x−y)〈q(x)O(z)q¯(y)〉 . (23)
From this quantity we compute the amputated vertex function ΓO ,
ΓO(p) = S
−1(p)CO(p)S
−1(p) , (24)
where the quark propagator is given by
S(p) =
1
V
∑
x,y
e−ip(x−y)〈q(x)q¯(y)〉 . (25)
The renormalization condition at scale µ is
Zq(µ)ZO(µ)ΠO (ΓO(p))|p2=µ2 = 1 (26)
with ΠO(ΓO(p)) = 112 tr
(
Γ−1O,Born(p)ΓO(p)
)
. The wave function renormalization con-
stant Zq is determined from the relation ZqZAΠA (ΓA) = 1.
In order to convert the results to the MS scheme, we first determine the renormalization
group invariant renormalization constant ZRGIO ,
ZRGIO =
(
ZRI
′−MOM,RGI
O (µ)
)−1
ZRI
′−MOM
O (µ) , (27)
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Figure 2. The first moment 〈xu−d〉 of the unpolarized proton minus neutron structure function on the 163 32
lattice at β = 8.0 as a function of the pion mass in the MS scheme at 2GeV, together with the phenomenological
value (∗).
and then convert to the MS scheme at scale µ′ by ZMSO (µ′) = Z
MS,RGI
O (µ)Z
RGI
O . The
conversion functions to the scheme S are given by
ZS,RGIO (µ) =
(
2b1g
S(µ)
2
)− dO,12b1
exp
[∫ gS(µ)
0
dξ
(
γSO(ξ)
βS(ξ)
+
dO,1
b1ξ
)]
. (28)
The coefficients of the β and γ functions are taken from Ref. 19.
We obtain ZRGIO44 = 2.9 at β = 8.0 and Z
RGI
O44
= 2.6 at β = 8.45, respectively. Using
ZMS,RGIO44 (2GeV) = 0.737, we finally obtain Z
MS
O44
= 2.11 at β = 8.0 and ZMSO44 = 1.92 at
β = 8.45, respectively. A comparison with results obtained in one-loop tadpole-improved
lattice perturbation theory20 shows large discrepancies, telling us that the renormalization
of lattice operators has to be done nonperturbatively.
Our results for vu−d2 ≡ 〈x〉u−d are shown in Fig. 2. We see that the lattice numbers
start to bend down towards the phenomenological value, but only at pion masses
 
350
MeV. At the larger quark masses our results agree with previous results obtained from
improved Wilson fermions17.
4 Conclusions
It is important to do simulations at small quark masses, in order to reliably extrapolate the
lattice results to the chiral limit. Overlap fermions allow us to do so. By the time this
article goes to print we will have doubled our statistics. We hope that NIC will grant us the
CPU time to perform simulations with dynamical overlap fermions in the near future.
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